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Abstract

Plate heat exchangers have been playing important role in the power and process industries in the recent past. Hence,

it is important to develop simulation strategies for plate heat exchangers accurately. This analysis represents the

dynamic behaviour of the single pass plate heat exchangers, considering flow maldistribution from port to channel.

In addition to maldistribution the fluid axial dispersion is used to characterise the back mixing and other deviations

from plug flow. Due to unequal distribution of the fluid, the velocity of the fluid varies from channel to channel

and hence the heat transfer coefficient variation is also taken into consideration. Solutions to the governing equations

have been obtained using the method of Laplace transform followed by numerical inversion from frequency domain.

The results are presented on the effects of flow maldistribution and conventional heat exchanger parameters on the tem-

perature transients of both U-type and Z-type configurations. It is found that the effect of flow maldistribution is sig-

nificant and it deteriorates the thermal performance as well as the characteristic features of the dynamic response of the

heat exchanger. In contrast to the previous studies, here the axial dispersion describes the inchannel back mixing alone,

not maldistribution, which is physically more appropriate. Present method is an efficient and consistent way of describ-

ing maldistribution and back mixing effects on the transient response of plate heat exchangers using an analytical

method without performing intensive computation by complete numerical simulation.

� 2005 Elsevier Ltd. All rights reserved.

Keywords: Plate heat exchanger; Maldistribution; Dispersion; Backmixing
1. Introduction

Plate heat exchangers (PHE) have been the most suc-

cessful type of heat exchangers, which have taken major
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strides in the last three decades. Though this type of heat

exchangers were specially designed for hygienic applica-

tions such as dairy, brewery and food processing indus-

tries, it has also found place in the modern power and

process industries due to its multi-fold advantages such

as compactness, flexibility, ease of installation, capabil-

ity to recover heat with extremely small temperature dif-

ference, and smaller hold up volume (hence quicker

response to control operations). Due to its expanding
ed.
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Nomenclature

A heat transfer area per effective plate [m2]

A coefficient matrix for system of differential

equations

Ac free flow area in a channel [m2]

B diagonal matrix, Eq. (41)

C heat capacity of resident fluid (s) [J K�1]

Cp specific heat capacity of fluid (s) [J kg�1 K�1]

D axial dispersion coefficient [W m�1 K�1]

D matrix resulting from boundary conditions

dj elements of matrix D
f(Z) inlet temperature function

F(s) Laplace transform of f(Z)

G transfer function in first order system

h heat transfer coefficient [W m�2 K�1]

i square root of �1

K gain in the first order system

Ki
NTUi

2
RWiðR2.RN Þmiþ1

lc path traversed by fluid particle between two

consecutive channels [m]

L fluid flow length in channel [m]

m maldistribution parameter, Eq. (13)

mj j � 2[j/2], where j is an integer

_m mass flow rate in the conduit [kg s�1]

Mi Rc Æ s + Ki�1 + Ki

n number of channels on one side

NTU1 number of transfer units of the heat exchan-

ger

Pe axial dispersive Peclet number, _wL=AcD
R2 capacity rate ratio in the channels, _wa2= _wa1

Rg2 capacity rate ratio of the combined flow,

_wg2= _wg1

Rgs characteristic rate ratio of the combined

flow, srg2/srg1
RN ratio Ua2/Ua1

Rc wall heat capacity rate ratio, Cw/C1

Rs characteristic time ratio in channels, sra2/sra1
s transformed time variable in Laplace do-

main

S matrix with inlet fluid function

t dimensionless temperature,
h�hg1;in

hg2;in�hg1;in

T non-dimensionless temperature obtained by

Laplace transformation of temperature term

T temperature matrix, in Eq. (43)

u a unit step function

U matrix of eigen vectors of the matrix A

ui elements of matrix U

Ua1(2) ðhA= _waÞ1ð2Þ
Vi the velocity of the fluid in the port after ith

channel [m s�1]

Vg velocity of the combined fluid [m s�1]
_V c volume flow rate in the channel [m3s�1]
_V g volume flow rate of the combined fluid

[m3s�1]

_vc non-dimensional channel volume flow rate

_w thermal capacity rate of the fluid in channel,

_mCp [W K�1]

X space coordinate [m]

x dimensionless space coordinate along the

channel, X/L

y dimensionless space coordinate along the

port

z dimensionless time s/sra1

Greek symbols

bj jth eigenvalue of matrix A

h temperature

s time [s]

sra residence time in case of uniform distribu-

tion, C= _wa

sd delay time

sc time constant

Ds time of travel in the port

/ dimensionless phase lag (cumulative value)

D/ dimensionless phase lag (discrete value),

Dsi/sra1

Subscripts

a the case of uniform flow distribution

g combined flow before departing into chan-

nels

i ith channel

W plate

Wi ith plate

0 initial

1 the fluid in odd channels

2 the fluid in even channels
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applications, there is tremendous amount of research

activities concerning this particular type of heat exchan-

ger in recent times. This has given rise to an array of new

generation of plate heat exchangers such as semi-welded

PHE, fully welded PHE, tubular PHE and so on. The

improvement of gasket material has made PHEs to with-
stand high temperatures and pressures. Due to these ad-

vances, today PHEs are also used in chemical process

plants, OTEC (Ocean Thermal Energy Conversion)

plants for evaporation and condensation duty and in nu-

clear power plants for their secondary circuits. To plan

control and safety measures in such critical areas, it is
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necessary that accurate thermal models of the heat ex-

changer along with reliable heat transfer data be avail-

able for plant simulation.

The literature available in the area of thermal simula-

tion of plate heat exchangers is vast. This includes the

numerical and analytical models. Initially the plate heat

exchanger thermal and flow characteristics had been

studied for steady state operation, assuming plug flow

inside the channel and an equal flow distribution from

port to channels [1–4]. On the other hand, number of

studies made on the transient performance of the plate

heat exchangers is very limited. McKnight and Worley

[5] initially worked in the transient analysis of PHEs

with the application of feed back control to high velocity

flow. Zeleski and Tajszerki [6] presented the simulation

of the dynamic performance for co-current plate heat

exchangers. The transient analysis of a counter-current

plate heat exchanger subjected to flow transient was pre-

sented by Khan et al. [7]. Lakshmanan and Potter [8]

developed a �cinematic model� to predict the dynamic

behaviour of single pass heat exchanger numerically.

An extensive analysis was presented on the dynamics

of the single pass PHE by Das and Roetzel [9]. In this

model, it was considered that the axial thermal disper-

sion in both fluids, characterised by a dispersive Peclet

number, takes care of all deviations from plug flow (flow

maldistribution and fluid backmixing). In reality, inside

the channels not only pure backmixing (Fourier-type

dispersion, parabolic model) occurs but also flow mal-

distribution (non-uniformity of flow velocity). Both

effects inside the channels could be taken into account

with the hyperbolic dispersion model. However, this

model would require another dimensionless parameter,

the Mach number formed with flow and propagation

velocity of thermal disturbances making the analysis

more complex. For the present investigation it is reason-

able to apply the simpler parabolic model, which re-

quires the Pe number alone as extra measured

parameter. The phase lag effect was introduced to ac-

count for delay at the distribution port. In this work,

the temperature transients for unit step and sinusoidal

response for U-type and Z-type configurations were ana-

lysed. The above dispersion model was validated by con-

ducting experiments by, Das et al. [10]. Das and

Murugesan [11] extended the above work for multi-pass

plate heat exchangers. It was a general method that can

be utilised for prediction of 1 � n, m � n, or n � n pass

PHEs. However, subsequent studies by Roetzel and

Na Ranong [12,13] and Sahoo and Roetzel [14], con-

firmed that it is more appropriate to use axial dispersion

for fluid backmixing rather than flow maldistribution.

Hence, there is a need to treat flow maldistribution sep-

arately and more accurately.

It is also worth mentioning that, so far the transient

studies assumed that the flow is equally distributed to

all the channels and as a consequence the heat transfer
coefficient is equal in each channel. But in reality

the flow is unequally distributed from the port. So the

velocity varies from channel to channel and hence the

heat transfer coefficient as well. The effect of unequal

distribution of fluid from port to channel was presented

in detail using the analytical technique by Bajura and

Jones [15] and Bassiouny and Martin [16,17]. It also

brought out the difference between U-type and Z-type

configurations of PHEs. This model is an extension of

the manifold flow channelling theory of Bajura and

Jones [15]. Datta and Majumdar [18] analysed the effect

of unequal distribution of fluid inside the channel

numerically. A numerical model presented by Thonon

et al. [19] proved that pressure drop is significantly af-

fected by maldistribution. Yang and Wang [20] pre-

sented the thermal performance and maldistribution in

multi-pass PHEs. Similarly, Huang [21] developed a

model about the port pressure and the channel flow rate

distributions for single pass PHE. A steady state analy-

sis was presented by Prabhakara Rao et al. [22,23] on

the effect of flow distribution to the channels on the

thermal performance of a PHE. In this study, it was

considered that the heat transfer coefficient inside the

channel is a function of the velocity of the fluid stream

in that particular channel.

It is clear from the above survey of literature that

analytical works on the steady state analysis of PHEs

have been carried out extensively. The transient response

of PHEs has also been done, but a uniform flow distri-

bution has been assumed in these studies. The effect of

port to channel maldistribution on dynamics has not

been studied comprehensively. The previous transient

studies assumed that maldistribution along with fluid

back mixing can be taken care by using an axial disper-

sion within the channels, which is physically not very

sound. So, the most realistic way is to calculate the flow

maldistribution from the port to channel separately and

the axial dispersion can be used to take care of fluid back

mixing within the channel alone. This is the main inspi-

ration of the present work.

The present analysis gives an improved form of ana-

lytical solution for the transient response of a single pass

PHE. The maldistribution from channel to channel as

well as the axial dispersion and the phase lag effect are

considered. In this work, flow maldistribution is consid-

ered as suggested by Bajura and Jones [15] and Bassi-

ouny and Martin [16,17]. So the velocity varies from

channel to channel and hence the heat transfer coeffi-

cients are considered to be varying from channel to

channel in this analysis. Accordingly the governing dif-

ferential equations have been derived and solution has

been obtained by taking proper boundary conditions

into consideration. The results are presented for different

values of maldistribution parameters as well as con-

ventional heat exchanger parameters on temperature

transients for single-pass PHEs. In addition to the
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simulated temperature responses the parameters of

equivalent first order systems are also used to explain

the results more comprehensively.
Channel
i - 1

Channel
i

Channel
i + 1

x

dx

Plate
i

Plate
i + 1

vi
Twi

Ti (x)

Solid Control
Volume

Fluid Control
Volume

Fig. 1. Control volume of the fluid inside the channel and

control volume of the plate.
2. Mathematical formulation

The single pass PHE is modelled mathematically, by

considering the following assumptions. Some of the

assumptions are same as those made for the transient

analysis of the PHE with dispersion in both fluids in

[9,11]. The main difference arises from the unequal dis-

tribution of the fluid from port to channel due to this

the flow velocity and as a result the heat transfer coeffi-

cients are not identical for the channels carrying similar

fluids.

Assumptions

1. All flow and thermal properties of the fluids are con-

sidered to be independent of temperature.

2. Heat transfer takes place only across the plates and

not through the seals and gaskets.

3. The heat exchanger is thermally insulated from heat

leak to the surroundings.

4. The fluid backmixing in the flow passages is taken

care of by the Fourier-type axial dispersion term.

5. The flow maldistribution from channel to channel

has been taken into account.

6. Heat transfer coefficient in each channel is considered

to be a function of fluid velocity in that particular

channel.

7. The plates are considered to be thin enough to

neglect any axial conduction.

8. The heat exchanger is started from a uniform temper-

ature for both the fluids.

Based on the literature it can be ascertained that the

actual fluid flow in PHE deviates from the one-dimen-

sional plug flow. All the deviations from plug flow are

mainly due to the fluid back mixing in the channel, flow

maldistribution, heat leakage through gaskets and seals

etc. Here the maldistribution effects are separated from

the axial dispersion, because the deviation due to mal-

distribution of the fluid from channel to channel has

got more significant effect compared to its effect within

the channel. So, instead of representing the axial disper-

sion for the deviations due to the sum of flow maldistri-

bution and backmixing, it can take care of the

deviations due to fluid back mixing inside the channel

alone more effectively and flow maldistribution effects

can be accounted for separately. While formulating

the governing equations care has been taken in this anal-

ysis to consider the effects due to phase lag at channel

entry.

We can now treat the flow within the channel as

given below
Actual flow 
temperature 
distribution 

Plug flow with
uniform  
temperature 
across the
channel  

A dispersion
term for the
deviation due to
fluid backmixing

Deviation due to 
maldistribution 
from channel to
channel

+= +

The coordinate system is chosen in the direction of

flow through the first channel. The numbers 1,2,3, . . . ,
N (which is chosen to be odd) represents the channels,

where an odd and even number of channels will carry

fluid 1 and fluid 2, respectively. Because the total num-

ber of channels chosen is an odd number, cold fluid is

allowed to flow through the odd channels such that

end channels will have cold fluid to minimise the heat

loss to the surroundings. In plate heat exchanger each

plate is in contact with both hot and cold fluid on either

side excepting the two end plates, which are in contact

with only one fluid, and the other side is assumed to

be insulated.

Small elements of fluid and plate can be considered as

control volumes as shown in Fig. 1 to frame the energy

balance equations for the fluid 1, fluid 2 and for all the

plates considering the above assumptions. These equa-

tions are

Fluid 1:

C1

L
ohi
os

¼ AcDi
o2hi
oX 2

� ð�1Þi�1 _wi
ohi
oX

þ ðhAÞi
2L

ðhWi þ hWiþ1 � 2hiÞ

i ¼ 1; 3; 5; . . . ; 2
N þ 1

2

� �
� 1

� �
ð1Þ

Fluid 2:

C2

L
ohi
os

¼ AcDi
o
2hi
oX 2

� ð�1Þi�1 _wi
ohi
oX

þ ðhAÞi
2L

ðhWi þ hWiþ1 � 2hiÞ

i ¼ 2; 4; 6; . . . ; 2
N
2

� �� �
ð2Þ
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For plates 2 to N:

CW

L
ohWi
os

¼ ðhAÞi�1

2L
ðhi�1 � hWiÞ þ

ðhAÞi
2L

ðhi � hWiÞ

ði ¼ 2; 3; 4; . . . ;NÞ ð3Þ

For the plate 1:

CW

L
ohW 1

os
¼ ðhAÞ1

2L
ðh1 � hW 1Þ ð4Þ

For the plate N + 1:

CW

L
ohW ;Nþ1

os
¼ ðhAÞN

2L
ðhN � hW ;Nþ1Þ ð5Þ

Number of variables involved in these equations is

large, and can be reduced to a few non-dimensional

terms, which are conventionally used to represent the

heat exchanger parameters. Some of them are very

important such as number of transfer units NTU, heat

capacity rate ratio R2 and dispersive Peclet number Pe,

characterizing heat transfer, thermal balance and axial

dispersion in fluids, respectively. Few more, like temper-

ature, time and spatial coordinates can also be reduced

to non-dimensional form. To consider the channel veloc-

ity variation from the uniform flow in all channels, a

comparison is made with the uniform distribution.

Based on this, remaining parameters also scaled accord-

ingly. In case of heat transfer coefficient variation, it is

varying with the velocity raised to the power �n� from
conventional heat transfer equation Nu = C Æ Ren Æ Prr.
In the present analysis the following set of dimensionless

variables are chosen.

sra1 ¼
C1

_wa1

sra2 ¼
C2

_wa2

Rs ¼
sra2
sra1

R2 ¼
_wa2

_wa1

RC ¼ CW

C1

NTUi ¼ U a1 � rhðiÞ � rvðiÞ

U a1 ¼
hA
_wa1

rvðiÞ ¼ va
vi
rhðiÞ ¼ hi

ha
¼ vi

va

� �n

RN ¼ U a2r
U a1

RWi ¼
_wi

_wa

Pei ¼
_wiL
AcDi

x ¼ X
L
; z ¼ s

sra1
; t ¼ h� hg1;in

hg2;in � hg1;in

with these dimensionless parameters, Eqs. (1)–(5) can be

recast in the following non-dimensional form.

For both the fluids:

ðRsÞmiþ1

RWi

oti
oz

¼ 1

Pei

o
2ti
ox2

� ð�1Þi�1 oti
ox

þNTUi

2
ðRN Þmiþ1ðtWi þ tWiþ1 � 2tiÞ

ði ¼ 1; 2; 3; 4; . . . ;NÞ ð6Þ
For intermediate plates except the end plates:

RC
otWi
oz

¼ Ki�1ðti�1 � tWiÞ þ Kiðti � tWiÞ

ði ¼ 2; 3; 4; . . . ;NÞ ð7Þ

For the end plates:

RC
otw1
oz

¼ NTU1

2
Rw1ðt1 � tw1Þ ð8Þ

RC
otw;Nþ1

oz
¼ KN ðtN � tw;Nþ1Þ ð9Þ

where Ki ¼ NTUi
2

RWiðR2 � RN Þmiþ1 and mj = j � 2[j/2].

Various ratios used in these equations are important

and their values are related to the fluid streams within

the channels and not the total values of the combined

fluids flowing through the circuit. They are related to

the values of ratios of the combined total stream as

R2 ¼ Rg2

n1
n2

� �
ð10Þ

Rs ¼ Rgs
n2
n1

� �
ð11Þ
3. Maldistribution parameter and non-dimensional

volume flow rate

The most significant contribution in the present anal-

ysis is the inclusion of proper distribution of fluid in the

channels from the port. As per Bajura and Jones [15]

and Bassiouny and Martin [16,17] for the flow channel-

ling of U-type configuration, the volumetric flow rate

decreases along the flow direction in the entrance port

and in case of Z-configuration, volumetric flow rate

increases with the flow direction as per the correlations

given in Table 1.

_vc ¼
Volume flow rate in the channel

Mean volume flow rate for uniform flow
ð12Þ

where distribution parameter �m�, given in the expres-

sions mainly depends on the exchanger geometry, con-

figuration and number of channels. In practical

situations size of inlet and exit conduits are the same,

in that case the parameter �m2� is proportional to the

square of the ratio (n Æ Ac/Ap) and inversely proportional

to the friction coefficient fc of the channel flow.

m2 ¼ 1

fc

� �
� n.Ac

Ap

� �2

ð13Þ

Since the friction coefficient depends on the chevron

angle and Reynolds number, m2 would not be exactly

constant for each parallel channel, as assumed in this

analysis. However an average value of �m2� matches clo-

sely with experiment as shown by Prabakara Rao and

Das [24]. More over its value will increase with the



Fig. 3. Z-type configuration of plate heat exchanger.

Table 1

The expressions for non-dimensional volume flow rate as a

function of �m� and flow arrangement

Configuration

and distribution

m2 w, w� A�

A

� �
_vc

For U-type and

non-uniform

Positive sinhmð1� yÞ
sinhm

m
coshm � ð1� yÞ

sinhm

For Z-type and

non-uniform

Negative
sinhm � y
sin hm

m
cosh �y
sinhm

For both types

and uniform

flow

0 1 � y 1
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square of the number of channels. Due to this reason, in

heat exchangers having large number of channels, as the

fluid flow in the conduit, few channels near the end will

not carry any fluid, causing severe reduction in the per-

formance of the heat exchanger. This is why maldistri-

bution is having significant influence on the thermal

performance of plate heat exchangers.
4. Phase lag and maldistribution effect

Plate heat exchangers show a special feature when

compared to shell and tube heat exchanger namely

phase lag effect. The fluid enters through the inlet port

where the fluid is distributed eventually and enters into

the channels 1,2,3, . . . Hence the time at which the fluid

stream enters the subsequent channels 1,2,3, . . . has got
increasing amount of phase lag and last channel will

have maximum phase lag from the starting time when

the combined fluid enters the heat exchanger at point

1, as shown in Fig. 2. In the present study, phase lag

effect includes the influence of flow maldistribution. In

case of U-type plate heat exchangers, more fluid will
Fig. 2. U-type configuration of plate heat exchanger.
enter into the channel nearer to the inlet, fluid is distrib-

uted among all the channels such that the channel flow

rate gradually decreases along the flow direction and

the end channels will have minimum flow rates. Due this

unequal distribution, velocity of the each channel varies,

and this will also affect the phase lag giving an unequal

rise in the flow direction inside the port, the equations

for which are derived as given below. In case of Z-type

configuration (Fig. 3) the flow maldistribution and phase

lag effects are different, as the fluid flows in the inlet

conduit the flow streams are distributed in a manner

opposite to that in the U-type, such that the minimum

flow rate is found in the first channel and gradually flow

rate increases up to the last channel such that each fluid

steam passes through the equal length of path within the

heat exchanger. Because of the effect of malditribution

on the phase lag, equations become more complex.

The velocity of the fluid inside the port decreases in

the flow direction as the fluid streams leaving each chan-

nel (due to decrease in volume flow rate) as shown in

Fig. 4. The velocities V1,V2,V3, . . . are represented by

velocities in the port after channels 1,2,3, . . ., respec-

tively. Before calculating the phase lag, it is required

to find these velocities, for that we can apply the conti-

nuity condition at the entry of the channels and the

ratios of these velocities can be obtained using the
Vg1 V1 V3 VN-2

Vg2 V2 V4

1 2 3 4 ……… N-1 N

Fig. 4. Varying velocity in the inlet and exit ports.
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non-dimensional volume flow rate in channels as given

by Bajura and Jones [15] and Bassiouny and Martin

[16,17].

The non-dimensional volume flow rate equation for

the first channel can be written as

_vc1 ¼ n1.
_V c1

_V g1

ð14Þ

Substituting Eq. (14) in to the continuity equation for

the first channel gives

V 1

V g1

¼ 1�
_V c1

_V g1

ð15Þ

Similarly, equation of the velocity ratio for the ith

channel for both the fluids

V 2i�1

V g1

¼ 1� 1

n1

Xi

j¼1

_vc;2j�1

" #

ði ¼ 1; 2; 3; . . . ; n1Þ for fluid 1 ð16Þ

V 2i

V g2

¼ 1� 1

n2

Xi

j¼1

_vc;2j

" #

ði ¼ 1; 2; 3; . . . ; n2Þ for fluid 2 ð17Þ

The time required for the fluid to travel the distance

between the channels.

(�lc� as shown in Figs. 2 and 3) can be calculated as

Ds1 ¼ l1=V g1 ð18Þ

Ds2 ¼ l2=V g2 ð19Þ

Ds2iþ1 ¼
lc

V 2i�1

ði ¼ 1; 2; 3; . . . ; n1� 1Þ ð20Þ

Ds2iþ2 ¼
lc
V 2i

ði ¼ 1; 2; 3; . . . ; n2� 1Þ ð21Þ

Hence the dimensionless phase lag between the

entrances of consecutive channels may be expressed as

D/i ¼ Dsi=sra1 ði ¼ 1; 2; 3; . . . ;NÞ ð22Þ

The total phase lag at the entry of each channel is the

cumulated sum of the phase lags given by

/2i�1 ¼
X2i�1

j¼1

D/2j�1 ði ¼ 1; 2; 3; . . . ; n1Þ ð23Þ

/2i ¼
X2i
j¼1

D/2j ði ¼ 1; 2; 3; . . . ; n2Þ ð24Þ

After the fluid streams leaving from each channel in-

side the exit port, the phase lag encountered to reach the

exit point can be computed in a similar way. Under the

condition of dimensional symmetry in construction, as

shown in Figs. 2 and 3, the relationship for this phase

lag at exit can be reduced to
/i;exit ¼ /i for a U-type plate exchanger ð25Þ

and

/i;exit ¼ /nþ1�i for a Z-type plat exchanger. ð26Þ
5. Boundary conditions

While estimating the boundary conditions attention

is to be focussed at the entry of the channel. According

to Danckwerts [25] if dispersion of the fluid begins at the

entrance, a sudden temperature drop will be experienced

at that section. The dispersion of the fluid inside the port

is not taken into consideration because it is less signifi-

cant. With this assumption, the boundary conditions

for Eqs. (6)–(9) may be written as [25]

at x = 0:

ti �
1

Pei

oti
ox

¼ f1ðz� /iÞ � uðz� /iÞ

i ¼ 1; 3; 5; . . . ; 2
N þ 1

2

� �
� 1

� �
ð27Þ

oti
ox

¼ 0 i ¼ 2; 4; 6; . . . ; 2
N
2

� �� �
ð28Þ

otWi
ox

¼ 0 ði ¼ 1; 2; 3; . . . ;N þ 1Þ ð29Þ

at x = 1:

ti �
1

Pei

oti
ox

¼ f2ðz� /iÞ � uðz� /iÞ

i ¼ 2; 4; 6; . . . ; 2
N
2

� �� �
ð30Þ

oti
ox

¼ 0 i ¼ 1; 3; 5; . . . ; 2
N þ 1

2

� �
� 1

� �
ð31Þ

otWi
ox

¼ 0 ði ¼ 1; 2; 3; . . . ;N þ 1Þ ð32Þ
6. Solution for temperature distribution

The compete mathematical model is presented in the

current analysis by using the 2N + 1 partial differential

equations expressed by Eqs. (6)–(9), along with the

boundary conditions, represented by Eqs. (27)–(32).

The initial condition for both the fluids and the walls

may be taken to be uniform, since only starting from

uniform temperature (cold state) is considered. Thus

ti,0 = tWi,0 = 0.

Taking the Laplace transform with respect to the re-

duced time variable z, we can solve this system of differ-

ential equations. With this operation, the system of Eqs.

(6)–(9) is transformed into
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d2T i

dx2
¼ Pei

Rsmiþ1

RWi
� sþNTUiðRN Þmiþ1

� �
T i

þ ð�1Þi�1Pei
dT i

dx
� Pei

NTUi

2
ðRN Þmi�1ðTWi þ T Wiþ1Þ

ði ¼ 1; 2; 3; . . . ;NÞ ð33Þ

From the plate equations one has

TWi ¼
Ki�1

Mi�1

� T i�1 þ
Ki

Mi
� T i ð34Þ

where Mi = Rc Æ s + Ki�1 + Ki.

By substituting Eq. (34) in Eq. (33), it reduces to the

final single equation

d2T i

dx2
¼ ð�1Þi�1 � Pei

dT i

dx
� PeiðRN Þmiþ1

NTUi

2

Ki�1

Mi
�T i�1

þ Pei
Rmiþ1
s

RWi
� sþðRN Þmiþ1

NTUi

2
2� Ki

Mi
� Ki

Miþ1

� �� �
T i

� PeiðRN Þmiþ1
NTUi

2

Kiþ1

Miþ1

�T iþ1

ði¼ 1;2;3; . . . ;NÞ ð35Þ

Similarly the boundary conditions (27)–(32) can also

be transformed into at x = 0

T i �
1

Pei

dT i

dx

¼ F 1ðsÞ � e�/i �s i ¼ 1; 3; 5; . . . ; 2
N þ 1

2

� �
� 1

� �
ð36Þ

dT i

dx
¼ 0 i ¼ 2; 4; 6; . . . ; 2

N
2

� �� �
ð37Þ

dTWi

dx
¼ 0 i ¼ 1; 2; 3; . . . ;N þ 1ð Þ ð38Þ

at x = 1:

T i �
1

Pei

dT i

dx

¼ F 2ðsÞ � e�/i �s i ¼ 2; 4; 6; . . . ; 2
N
2

� �� �
ð39Þ

dT i

dx
¼ 0 i ¼ 1; 3; 5; . . . ; 2

N þ 1

2

� �
� 1

� �
ð40Þ

dTWi

dx
¼ 0 i ¼ 1; 2; 3; . . . ;N þ 1ð Þ ð41Þ

The transformed Eq. (35) can be expressed, in the

matrix form as

dT
dx

¼ �A�T ð42Þ

where the temperature vector T is given by

T ¼ T 1; T 2; . . . ; T N ;
dT 1

dx
;
dT 2

dx
; . . . ;

dT N

dx

� �T
ð43Þ
and the coefficient matrix A can be written as

Ai;Nþi ¼ 1 ði ¼ 1; 2; 3; . . . ;NÞ

ANþ1;1 ¼ Pe1
1

RW 1

� sþNTU1

2
2� K1

M1

� K1

M2

� �� �

ANþ1;2 ¼ �Pe1RN
NTU1

2

K2

M2

A2N ;N�1 ¼ �PeN ðRN Þmiþ1
NTUN

2

KN�1

MN

A2N ;N ¼ PeN
1

RWN
� sþ ðRN Þmiþ1

NTUN

2
2� KN

MN
� KN

MNþ1

� �� �

ANþi;i�1 ¼ �PeiðRN Þmiþ1
NTUi

2

Ki�1

Mi

ANþi;i ¼ Pei
Rsmiþ1

RWi
� sþ ðRN Þmiþ1

NTUi

2
2� Ki

Mi
� Ki

Miþ1

� �� �

ANþi;iþ1 ¼ �PeiðRN Þmiþ1
NTUi

2

Kiþ1

Miþ1

ANþi;Nþi ¼ �ð�1Þiþ1 � Pei. ði ¼ 1; 2; 3; . . . ;NÞ

All elements of matrix A other than those described

above are zero.

By deriving the eigenvalues bj and eigenvectors (uj) of

the coefficient matrix A the solution to Eq. (42) can be

obtained. This is a simple boundary value problem

with distance coordinate as the only variable. The solu-

tion is

T ¼ U � BðxÞ � D ð44Þ

where BðxÞ is a diagonal matrix.

BðxÞ ¼ diagfeb1 �x; eb2 �x; . . . ; eb2N �xg ð45Þ

The columns of the matrix U are corresponding

eigenvectors of A and D is a coefficient vector, which

depends on the boundary conditions, given by Eqs.

(36)–(41). The fluid temperature distribution and its

derivative can thus be expressed as

T i ¼
X2N
j¼1

dj � uijebj �x ði ¼ 1; 2; 3; . . . ;NÞ ð46Þ

dT i

dx
¼

X2N
j¼1

dj � unþi;je
bj �x ði ¼ 1; 2; 3; . . . ;NÞ ð47Þ

The coefficient matrix D can be determined by substi-

tuting Eqs. (46) and (47) into the boundary conditions

(36)–(41), to obtain the matrix equation

W � D ¼ S ð48Þ
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The right hand vector S contains the inlet tempera-

ture functions along with its phase lag and can be writ-

ten as

S ¼ ½F 1ðSÞe�/1 ;s; F 2ðSÞe�/2 ;s; F 1ðSÞe�/3 ;s; F 2ðSÞe�/4 ;s; . . . ;

F kðSÞe�/N ;s; 0; 0; 0; . . . ; 0� ð49Þ

where k = 1 for odd N and k = 2 for even N.

Hence D can be obtained from

D ¼ W
�1
S ð50Þ
7. Response in time domain

Temperature response in the frequency domain can

be obtained by solving Eq. (42), which has to be inverted

into the time domain by Laplace inversion. The expres-

sions are too complex to carry out the inversion analyt-

ically. Hence, the Laplace inversion by Crump�s [26]

numerical algorithm using Fourier series approximation

is used in the present analysis. Any function g(Z) with a

Laplace transform G(s) can be expressed as

gðZÞ ¼ expðaZÞ
Z

1

2
GðaÞ þ Re

X1
k¼i

G aþ ikp
Z

� �
ð�1Þk

" #

ð51Þ

The constant a is chosen in the domain 4 < aZ < 5 to

minimize the truncation error. It can be further simpli-

fied by using Fast Fourier Transform. Substituting

Z = 2nZ/M, the above equation results in

gðZnÞ ¼ expðaZnÞ
Z

Re
XM�1

k¼1

G aþ ikp
Z

� �"

� exp i:
2pnk
M

� �
� 1

2
gðaÞ

#
ð52Þ

The term indicated by summation is obtained by Fast

Fourier Transformation at every point Zn in that do-

main. The final temperature of the combined fluid at

the outlet can be calculated by considering temperature

responses at the exit of the each channel and corre-

sponding phase lag, and using the weighted mean aver-

age as follows

tðzÞ ¼
P

_mi � tiðz� /iÞP
_mi

ð53Þ
8. Results and discussion

Temperature transients can be calculated due to

change in either of the fluid temperatures (or both) by

using the above-mentioned procedure. The effects of

flow maldistribution parameter m2, dispersion parame-
ter Pe along with conventional heat exchanger parame-

ters such as NTU, heat capacity rate ratio R, and

number of channels N, on the transients are presented

here. The results are obtained based on the realistic val-

ues of the heat exchanger parameters and geometrical

configurations. The distance between the two consecu-

tive plates is assumed to be 4% of the effective length

of the plates, and also assumed that port sizes for inlet

and exit conduits are equal where flow bifurcation and

mixing occurs. The entry temperature of fluid 2 is sub-

jected to rise as a unit step with time.

The aim of the present work is to develop a general

model for transient simulation considering effect of flow

maldistribution, instead of bringing out the temperature

responses for different types of inputs. Hence, only re-

sponse to step inputs has been calculated for different

combinations of parameters along with different degrees

of maldistribution. To obtain a clear understanding

about the different transients, the response is ideally

characterised by second order system response with de-

lay time. However, the second order response incorpo-

rates too many constants, the physical significance of

which are not always obvious for over damped systems.

On the other hand the first order response approxima-

tion is not very inaccurate, except for the mismatch of

the slope during the first few percent of temperature rise.

Hence it is suggested that the delay time and time con-

stant based on first order system be utilised for the con-

trol of the heat exchangers. So the same transient

response results can be well described by comparing with

the first order system characteristics. Such a comparison

helps to suggest an approximate transfer function, which

can be controlled by commonly used control loops

G ¼ Ke�sd �s

1þ sc � s
ð54Þ

where sc is the time constant, sd the delay time and K the

gain.

The values of the equivalent first order system

parameters have been determined using non-linear

regression analysis of the computed data for the temper-

ature responses.

8.1. Effect of flow maldistribution and heat exchanger

parameters

The values considered for this parametric study are

N = 25, Rc = 0.2, Rs = 1.0, Rg2 = 1.0, RN = 1.0, NTU1 =

1.0 and Pe = 20. Variation of Peclet number with the

Reynolds number is not much significant within the

small range [27], so the variation of Peclet number for

different channels is not taken into account and the same

value is taken for the both the fluids. For all the re-

sponses Peclet number of 20 is taken in the present study

as against 5 taken in the previous studies [9,11]. This is

because in the present analysis Peclet number indicates
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only the back mixing of the fluid inside the channel and

maldistribution factor is considered separately, whereas

in the previous studies [9,11], the Peclet number takes

care of both the back mixing inside the channel as well

as the flow maldistribution from port to channel.

It is clear that the dimensionless outlet temperature

of the cold fluid at steady state represents the effective-

ness of the heat exchanger since it is assumed that ini-

tially both the fluids are at the same temperature and

heat capacity ratio is unity. Figs. 5 and 6 represent the

temperature responses for both cold and hot side of

U-type plate heat exchanger, respectively. It is observed

that cold side outlet temperature decreases at steady

state with maldistribution, which means the effectiveness

of the heat exchanger reduces with maldistribution. It is

evident that steady state temperatures of hot and cold

fluid add up to unity, which satisfies the energy balance

condition for equal heat capacity rates. For cold side,

the initial delay in response is independent of maldistri-

bution and initially the response time decreases with the

increase of maldistribution and the trend is reversed as it

approaches the steady state in conformity with the fact
0

0.1

0.2

0.3

0.4

0.5

0 1 2 3 4 5 6 7 8 9 10
z

t1 m2 = 0
m2 = 2
m2 = 4
m2 = 6

Fig. 5. For U-type: effect of maldistribution for N = 25,

Pe = 20, NTU = 1, and R = 1 (cold).
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Fig. 6. For U-type: effect of maldistribution for N = 25,

Pe = 20, NTU = 1, and R = 1 (hot).
that heat exchanger effectiveness decreases with the in-

crease of maldistribution. The faster response time is ob-

served during initial period is due to the fact that the

channels, which are nearer to the inlet, carry more fluid

due to flow maldistribution.

For Z-type heat exchanger (Fig. 7), the outlet temper-

ature of the cold fluid decreases at steady state with m2,

which means that effectiveness of the heat exchanger re-

duces with the increase of maldistribution as in U-type.

It is also observed that the delay time is more in case of

Z-type configuration and increases with the �m2� since
the fluid has to travel across all the channels to give

the temperature rise at the outlet. As a result crossover

of the transient curves does not take place as observed

in �U� type exchanger.

The effect of maldistribution and Peclet number on

the temperature transients for cold and hot sides is rep-

resented in Figs. 8 and 9. Here PHE with minimum and

maximum Peclet numbers 4 and 30 is taken into consid-

eration and it is observed that the cold side temperature

increases with the dispersive Peclet number because of

the axial dispersion inside the channel, i.e., the fluid
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Fig. 7. For Z-type: effect of maldistribution for N = 25,

Pe = 20, NTU = 1, and R = 1 (cold).
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Fig. 8. Effect of maldistribution and Peclet number for N = 25,

NTU = 1, and R = 1 (cold).
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Fig. 9. Effect of maldistribution and Peclet number for N = 25,

NTU = 1, and R = 1 (hot).

0

0.1

0.2

0.3

0.4

0.5

0.6

0 1 2 3 4 5 6 7 8 9 10
z

t1

m2 = 0 and R = 1
m2 = 6 and R = 1
m2 = 0 and R = 2
m2 = 6 and R = 2

Fig. 11. Effect of maldistribution and NTU for N = 25,

Pe = 20, and R = 1 (cold).
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backmixing. At the same time the cold fluid temperature

decreases with maldistribution and so also the effective-

ness. With this it can be easily concluded that the perfor-

mance of the heat exchanger will decrease not only with

the maldistribution but also with dispersion in the fluid.

It can also be observed that the effect of maldistribution

is more predominant at low axial dispersion (higher Pe)

than at high dispersion (low Pe). This is because, with

strong axial dispersion the additional energy transfer

through fictitious conduction compensates for the mal-

distribution effect to some extent. The hot side responses

show just the opposite trends at the steady state, for

obvious reasons. Similarly, the effects of the maldistribu-

tion and other parameters like NTU, heat capacity rate

ratio and number of channels on temperature responses

are on the expected lines. As NTU value increases from

1 to 5, cold side temperature (i.e., effectiveness) in-

creases. The deterioration of the performance of the heat

exchanger due to maldistribution is almost independent

of the change in NTU (Fig. 10) as well as heat capacity

rate ratio (Fig. 11). Moreover it is interesting to observe

that for increasing number of channels, the performance

reduction due to maldistribution decreases, and thermal

performance gets enhanced due to the reduction in end

effects as shown in Fig. 12. Since maldistribution para-
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Fig. 10. Effect of maldistribution and heat capacity rate ratio

for N = 25, NTU = 1, and Pe = 20 (cold).
meter �m� itself increases with the number of channels,

this result essentially indicates the effect of channel to

port area as well as channel friction coefficient. Smaller

the port area and the friction coefficient, larger is the

extent of effect on heat exchanger performance at lower

number of plates compared to higher number of plates.

From the nature of the transient parts of the curves it

can be ascertained that NTU and R does not influence

the maldistribution effect significantly but number of

channels has got a considerable influence on maldistri-

bution effect.

It is difficult to distinguish the transients because of

closeness of the responses. Hence the responses are

approximated by first order response due to the reasons

stated earlier. Here the gain in the first order system

(FOS) represents the steady state temperature, so the

cold side value of the temperature, i.e., effectiveness

(for R = 1) of the heat exchanger is the gain in FOS.

The other first order parameters, which are taken into

consideration, are delay time, and time constant.

From the Figs. 13 and 14, it can be observed that the

gain (effectiveness) reduces marginally with the maldis-

tribution in both the U- and Z-type configurations.

For U-type, reduction in delay time is due to the fitting

problem related to the faster response time which is
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Fig. 12. Effect of maldistribution and number of channels for

Pe = 20, NTU = 1, and R = 1 (cold).
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observed during initial period with increase in �m2�. This
can be observed from the close view of the response as

shown in Fig. 15. In case of Z-type, the delay time in-

creases significantly in reality with maldistribution.

The time constant increases with maldistribution slowly

and reaches steady state in both U-type and Z-type.
9. Conclusion

A comprehensive strategy for analytical treatment of

the transient behaviour of plate heat exchangers is pre-

sented. Emphasis is given on the effects of port to chan-
nel flow maldistribution on the transient thermal

behaviour. The treatment of the flow maldistribution

separately from axial dispersion which takes care of fluid

backmixing is a distinctive feature of the present analy-

sis. This allows quantifying the effect of flow maldistri-

bution and its influence on the heat exchanger thermal

behaviour. The unequal phase lag of the temperature

transient at the entry of each channel arising out of un-

equal flow distribution has also been taken into account.

A Laplace transform technique used to convert the sys-

tem of PDEs to ODEs followed by matrix eigenvalue

solution and subsequent numerical Laplace inversion

using FFT has been the adopted technique here. The re-

sults clearly indicate that flow maldistribution plays a

major role in the thermal performance of PHEs both

in the steady and transient domain. The influence of

maldistribution is sensitive to the axial dispersive Peclet

number and number of plates while it is almost indepen-

dent of NTU and heat capacity rate ratio. It is observed

that transient signatures such as the initial delay, time

constant and the asymptotic response critically depend

on the extent of maldistribution for U-type and Z-type

configuration. The present results are of practical impor-

tance not only for the proper design of the heat exchan-

ger to minimise maldistribution but also to impart

proper control strategy for the off normal behaviour of

the heat exchanger.
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